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INTRODUCTION

LET us first state the main result of this paper. Let ¢ : [0, c0) — [0, c0) be nondecreasing, locally
Lipschitz and ¢(0) = 0. Let us consider the problem

® {u e (0, T) x R~ L*((zr, T) x RY), Vze(0,T), 0y

u, — Apw) =0 in 2((0, T) x R, @)
where ‘in 2°((0, T) x R¥) means ‘in the sense of distributions in (0, T) x R™.

THEOREM 1. Let u and & be two nonnegative solutions of (P). If N = 1 or 2, assume also that ¢(u),
o(@) € I}((0, T) x RY). Then

limessu(t) — 4(t) = 0 in 2'(R¥) 3)
ti0

implies u = .

A lot of papers have already been concerned with the uniqueness of the solutions of problem
(2) especially in the particular case of the porous media equation u, — Au™ = 0. See, for example,
Oleinik [19], Kalashnikov [12], Gilding and Peletier {10], Kamin [13] for one space variable,
Vol'pert and Hudjaev [22], Sabinina [20] and finally Brézis and Crandall [6] in the general
case. In the latter work which recovers most of the previous uniqueness results contained in the
above, the initial value is assumed to be in L'(R") (or L°(R")) and (3) holds in I}(R¥).

Here the initial value is only a finite measure which is the limit of u(z) in the sense of measure
(only !)—its existence is implied by (1) and (2) (see Lemma 2). This leads to a more sophisticated
analysis whose main difficulty is solved by using precise properties of the potentials of the func-
tions u(t) for N > 3. A different proof for N = 1,2 is necessary due to the non-existence of
potentials; it requires o(u) € L' which is in fact implied by (1) and (2) in the cases of interest (see
Remark 3 and Theorem 4). Among the uniqueness results mentioned above, only Kamin in [13]
considers the case of a measure as initial data in the particular case of dimension 1 with a Dirac
mass.

* This work was sponsored by the United States Army under Contract No. DAAG?29-80-C-0041 and supported
in part by the National Science Foundation under Grant No. MCS79-27062, © US. Govt.
t New address from August 1981: Université Scientifique et Médicale de Grenoble, Institut de Mathématiques Pures,
B.P. 116, 38402—Saint-Martin-d’Héres, France.
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Here our proof is quite general and not particular to R". It would carry over {o equation (2)
in a bounded domain Q of R¥ with Dirichlet or Neumann boundary conditions.

Section 1 is devoted to the proof of Theorem 1. In Section 2, we state an existence theorem for
solutions of (P) whose initial value is a given nonnegative finite measure. We also study the
dependence on the initial data.

Some last comments about motivations. Equation (2) arises in many applications. We will
not recall them here since they can be found in most of the papers mentioned above or in the
references they contain (see also [18] for a survey about the porous media equation). The case
when the initial datum is a measure is also a model for physical phenomena (see [13] and [23,
p. 677]). Moreover it arises in several mathematical questions. One example is the study of the
asymptotic behavior for the solutions of the porous media equation which can be reduced to
the uniqueness problem with a Dirac mass as initial data (see [11] and [15]).

SECTION 1

We denote by C(R”) (resp. C,(R")) the set of continuous functions on R" with compact support
(resp. bounded) and by #(R") (resp. .# *(R")) the set of finite (resp. and nonnegative) Radon
measures on R”. A sequence p, = #(R%) s said to be converging to y in a(.#(R"), C (R")) (resp.
o(#(R"), C,(RM)) if, for any ¢ € C(R") (resp. ¢ € C,(RY))

lim j edyu, =j o du.
n—- o JRN RN

Case N > 3. Let Ey(x) = 1/(N — 2)§,|x|" ~ where S, is the surface of the unit N-sphere. For
u, i solutions of (P) we denote

ae. te(0,T), v(t)=Ey+ut), 0(t)= Ey=*a().

Since u(t)e I(RY) n L°(RM), v(tye C,(R) n IZ(RY) for p > N/(N — 2). (This follows from
elementary properties of the convolution in R")

Lemma 2. If u is a nonnegative solution of (P), u(t) converges in o(.#(R"), C,(R")) to some
ue . #*(R¥) when t — 0 essentially. Moreover when ¢ decreases to 0, v(t, x) increases to v(0, x) =
(Ey * p)(x) for all xe R™.

(Note that v(0, x) is lower semi-continuous and is the usual potential of the finite measure p.)

Proof of Lemma 2. The relation (2) implies that

ae. 0<s<t<T ult)—us= Ajr o(u(0)) do  in Z'(RY). @)

This is easily obtained by multiplying (2) by test-functions a,(t) 8(x), 6 € Z(R") and o (t) € 2(0, T)
converging to 1, ,ina suitable way. Note that the assumptions on ¢ together with (1) imply

ou)e }((r, T) x R")~ L*((z, T) x R"), Vre(0, T). (5)
Actually the relation (4) defines u(z) for all ¢ € (0, T]. Moreover since u(t) — u(s) and {* o(u(o)) do

e}(RM),forall0 <s<t< T:
J u(t) = j u(s), (6)
RN RN
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u(t) — u(s) = Ey* (A J | o(u(o)) da) = *J' @(u(a))do < 0 ae.on RN )

In (7) we use a uniqueness result (see, e.g., [4, Lemma A.5]).

Relation (6) implies the relative compactness of {u(t);z€ (0, T)} in o(#(R"), C(R")). The
monotonicity proves the uniqueness of the limit u of u(t) and the second part of the lemma (see,
e.g., [17, Theorems 0.6, 3.8 and 3.9 about potentials of measures]). Moreover

v(t) < v(0) =>J‘ - Av(t) < J‘ — Av(0).
RV RN
Hence [~ u(t) converges to [ — Av(0) = { .~ du and u(z) converges to u in a(.#(R"), C,(R")).

Proof Theorem 1 for N = 3. Let he ]0, T[ be fixed. If u and # are solutions of (P), by (4) we have

VO<s<t<t+h<T
() it + ) — 40) s + 1) = & [ [otuto) = ofito + W] do. ®
Letting s go to O gives in 2'(R™):
) — e+ 1) = (= ) = & [ [otto) = ol + ) o ©)

Remark that s+ {* ¢(u(s)) do is nondecreasing and A {* ¢(u(6)) do is bounded in I!(R"). By the
results in [4] (Lemma A.5), it converges in L (R") to [} ¢(u(c)) do. Let us denote

loc

g@) = f‘ [o(u(0)) — olic + h)] do + B(h) — v(0).
0

Then (9) can be written as

u(t) —a(t + h) = Ag(t) (s>g(t) = 8t + ) — v(1)),

where v(t) is defined in Lemma 2. This implies

g{t) = a(t) Ag(1), (10)

where
o(u(t, x)) — (it + h, x))
u(t, x) — a(t + h, x) -

0 if u(t, x) = it + h, x).

if u(t, x) # @t + h, x)
a(t, x) =

The function a is nonnegative and is in L*((z, T) x R¥)for any z € (0, T). Hence ¢ is solution of a
linear equation; moreover if lim u(t) = lim d(t), g(0) = d(h) — v(0) is nonpositive by Lemma 2.
tl0 110

If a(.) were regular enough, by the maximum principle applied to (10) we would obtain
VO<t<t+h<T g@t)y=20t+h—v() <0 (11)

And that would imply # < v, and, by a symmetric argument § = v and # = u. What follows is to
justify this maximum principle for equation (10) in our particular case. The method consists in
multiplying (10) by the solution ¥ of the dual problem ¥, + A(ay) = 0, Y(T) = 6 2*(RY),
0 < T + h < T, which formally gives
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J g(T)o =f gSh(s).
RN RN

(2 *(R") denotes the space of nonnegative C*-functions with compact support in R¥).

Then, we show that the right-hand side has a nonpositive limit when s — 0. The first step is
to “solve” the above equation. For this let us approximate a by a,e C*([0, T] x RM), nonnegative
and satisfying:

a, ]Vapl, Aa, are bounded on [0, T] x R¥ for any p,
vt e(0, T), a, is bounded on [7, T) x RY independently of p,

a, converges to a a.e(t, x) € (0, T) x RN
(For instance, one can mollify @ and multiply by a C*-function equal to 1 for |x| < p and equal

toOfor x| > p+ 1)
Then, ¢ > 0 being fixed we consider the dual problem

%wp + M@, + e,) =0, Y (T)=0eD*RY, (12)

where 0 < T + h < T. For simplicity we still denote T by 7. It is well-known that this problem
has a nonnegative C*-solution such that y, (t) € L'(R") n L*(R") for all t (see [16]).
Now, multiply equation (10) by ¥, and integrate to obtain:

f 9(TI6 — f 905) ¥,05 =f J (g(a)%":ﬂ(a) + a(o) ¥, (o) Ag(a)) do
RN RN s JRN (1 3)

= j‘Tf (@ = a, — &}y (o) Ag(o) do.
T s JRY

In order to pass to the limit in p for s € (0, T), let us make some estimates on a//p. For convenience
we denote

H(t) = Eyxy (t) (= —AH/) =y ).
Multiplying (12) by H (¢) gives

0
LI O

= j v =5 j IVH (0> + f j (a, + eW>.

This proves that ¥, is bounded in L0, T; RY); it has a subsequence weakly converging to v,
Then (a, + e, also weakly converges to (a + &)y, in I*((z, T) x R") for any 7€ (0, T). Hence
the llmlt ¥, satxsﬁes in 2'(RY), an integrated form of (12), namely

(14)

VO<s<t<T yt)—-ys)= —AJ @+ &), (15)

Since [ ¥t = fan 0, ¥ ,(¢) is bounded in L(R™). Hence y,_ is in L'(R") and by (15)
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f l{/g(t)=j 0. (16)
RN RN

Moreover, one can assume that y () converges to ¥ (t) in o(.#(R"), C,(R")) for all t > 0.
Now (13) becomes:

T
f g(T)e —f gy s) = —¢ J J ¥ (0) Ag() do. an
RY R¥

(Remember that Ag(s) = u(t) — 4(t + h) is bounded in any I((s, T) x R")and a, converges to a
a.e. on (s,7T) x R" and is uniformly bounded.)
Now we let ¢ — 0. For any s e (0, T), the right-hand side of (17) is bounded by

el Ag“L"’((s, nxRY) J‘ | ‘/’s(a)“u(RN)’

which converges to 0 since y, is bounded in L°(0, T, L'(R")) by (16). If H (t) = E, =y (t), in-
tegrating (15) gives

3
H(t) — H(s) = f (a+ e,
By the nonnegativity of y_ and H_ this implies

0<S H() S H(T)= Eyx0.

Hence H_ is bounded in IZ((0, T) x R")for p > N/(N — 2) and one can find convex combinations
of these H, converging a.e. and strongly to H in I#((0, T) x R") for some pe(N/AN — 2), ).
Since ¥ (s) is uniformly bounded in L'(R¥). we can assume that the same combinations of  (s)
converge a.e. s in 6(.#(R"), C (R™) to v(s) € # *(R"). In order to pass to the limit in (17), we need
a convergence in o(.#(R"), C,(R")). This comes from the fact that

dns) = j 6= “mf v s as)

Indeed, for any se(,T),{T(a + &), is bounded in L'(R"). Hence, by (15) there exists
p(s) € A *(R") such that

Vse (0, T), j

RN

6 — v(s) = —Ap(s) in D'(RY).

This together with (16) implies (18).
We finally obtain the existence of a family of nonnegative finite measures {v(s), se (0, T)}
such that

Vse(0, T )'( g7 = f g(s) dv(s) (19)
RN RN
and
s — H(s) = E, * v{s) is nondecreasing on (0, T). (20}

((20) comes from the monotonicity of H_.)
Now, g(s) = (s + h) ~ v(s); by the monotonicity results of Lemma 2, (19) gives
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V0 <5 < sy,
. (1)
J 9(T)0 < f (0(h) ~ v(s,)) dv(s) = j (i) — u(so))H(s)-
RN RN

RN
(See the remarks below for the integration by parts.) But (.~ dv(s) is bounded independently of
s and H(s) decreases pointwise when s decreases to 0. Hence v = — AH(0") e .# *(R¥) and by (21)

V0 < s,,

f g(T)o < J (ah) — u(so)H(O) = f (B(h) = vls,)) dv. (22)
RN RN

RN

Now letting s, decrease to 0 gives by monotonicity
f g(T)o < j (8(h) — v(0)) dv. 23)
RN RN
But 1(0, x) = &(0, x) = (h, x) for all xe R". Hence
V0e 2 (RN, J g(T)e < 0.
RN
This implies the relation (11) we were looking for.
Remark 1. In the above we often use the fact that given y, ve .4 " (RY):
j (Eys ) dv = f (Ey*v) dp, (24)
RN RN
whatever this integral is finite or not. In (22), H(0") is the decreasing liinit of the potentials H(s).
It is generally not a Ls.c. potential itself but is equal a.e. to E,, * v. Since @(h) — u(s,) is a “good”
function, the integration by part works. It would not for & = 0, for #(0) is only a measure (see,

e.g., [17] for more details).

Remark 2. The same method would give a similar uniqueness result for the equation
u, = Ap(u) in2(0,T) x Q),

‘ou)y=0 ondQY

u(t) - u in o(#(R"), C,(RY)),
with Q a regular bounded open subset of R¥, by using the ‘potentials’ v(t) solutions of

—Au(t) = u(r),
o(t) =0 ondQ
This method would clearly contain the cases N = 1, 2.

Remark 3. There is no potential in RY if N = 1. 2. Hence we have to do the above computations
in an ‘approximated’ way using the solutions of
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av,(t) — Av(t) = u(z),

and letting a go to 0. This requires more a priori assumptions on the solution u, namely
o(u)e I}((0, T) x R¥). This is implied by (1) and (2) in most cases of interest, like the porous media
case @(r) = r™ (see Theorem 4) or the Stefan problem case ¢(r) = (r — 1) (since ue L'((0, T)
x RM)). It was also proved in [14], that this always holds in dimension 1 with very weak assump-
tions on ¢.

Proof of Theorem 1 for N = 1, 2. Since there is no potential in RN if N = 1, 2, we will use the
solutions of

Ve >0, av(t) — Av (1) = u(t), ob(t) — AD(t) = ). (25)

Fora >0, (x — A)~! is a ‘good’ operator even when N = 1,2 and in particular (see, e.g., [4,
Lemma 1.1]):

u(t) e (R n L2(RY) = v (t) e Z(RY) ~ C,(RY).

We will denote K, the kernel associated with (@ — A) ™%, ie,, v (t) = K+ u(t). The result corres-
ponding to Lemma 2 is:

LemMa 3. If u > 0 is a solution of (P), u(f) converges in o(.#(R"), C,(R")) to some pe 4 *(RY)
when t — 0. Moreover when ¢ decreases to 0, v,(t, x) + aK_ * j} ¢(u(0)) do increases to K_* (u +
o |5 o(u(o)) da(x)) for all xe R¥ and all (0, T).

Note that for 1€ (0, T) fixed, K, * |} ¢(u(0)) do is continuous and when ¢ decreases to 0, it
increases to the Ls.c. function K, * |§ ¢(u(s)) do which is well-defined since [} ¢(u(0)) do € L'(RY)
by assumption on ¢.

If w(t) = v(t) + aK,_ * | ¢(u(c)) do, we have for 0 < s < t:

t

w(t) - wis) = K = (u(t) — u(s) — aJ

p(u(0)) d0>
=K, * ((A —a) r @(u(o)) da) = - J ‘ p(u(0))do <0 ae. (26)

This proves the second part of the lemma. Then we finish as in Lemma 2 using that

j u(t) = f av,(t) — f av (0) =J du.
RN RN RN RN

Now to replace the function g of the previous proof, we introduce for b > 0 fixed:

g0 = f ' Glo)do + p,(h) — v,(0) — afox — A)~* J G(o) do,
0 0

where we denote G(a) = @{u(o)) — ¢liilc + h)). Then we verify
(@ = A)g,(8) = alt + h) — u(t) (s>g,(t) = 0t + h) — v (1)),
g + ale — Al () = —ala — &)71G() < aK, + @(a(t + b)), @7)
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where a is defined in the previous proof.
2> 3 with the operator « — A instead of —A

Now, we do the same computations as for N
and we obtain—like in (19) and (20)—the existence of {v (s)e # *(R");se (0, T)} such that, for

0e D+ (RY):

Vse (0, T),
(28)

f 6T <j 0.(5) dv (s) + f ' f aK, * o{i(o + B) dv (o), }
RY¥ RN s JRY

K, +v,s) is nondecreasing on (0, T). (29)

s—H(s) =
By Lemma 3,forallte (0, T)and 0 < s < s,

T

g,(s) < [ﬁu(h) + aK_ * j o(i(c + h)) da]
- [va(so) + oK * j ' o(u(o)) da] + oK, * j ) G(o)do. (30)

Now we can pass to the limit when s — 0 as in (22). The last term of (30) is easily controlled after

integration by part.

Iim 'f g(s) dv (s)
RY

sl0

T

< f [ﬁa(h) + oK, * f (o + h))da — v (s,) — aK, * J i o(u(o)) da] dv

0

+ j aHa(0+)JrG(a) do,
RN

with v, = limv (s)and H (0%) = K_xv_ a.e. We let s, decrease to 0 above, use the monotonicity

540
established in Lemma 3 to obtain
h
Tim f g (s)dv,(s) < ‘[ aHa(O““)J‘ o(f(0)) do.
sL0 Jrv RN o

Finally, coming back to (28) and remarking that H (s) < H(T) = K_* 0 we have, for any

0e 2*(RY),
h T
J g7 < J afK  * J‘ (o)) do + j j abK , « o(io + h))do
RN RN o Jr¥

0

Hence
T+h
* j o(i(o)) da

g(T) < aK

o]
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Now we let h, then « go to 0. For any f € I'(RY), aw, = aK_x f converges to 0 in 2'(R") when
a — 0.Indeed, [~ aw, = [~ f implies the convergence of a,w_, to some v € .# *(R"). The relation
a*w, — Alaw,) = of implies that Av = 0. Hence v = 0. Coming back to the definition of g,(T),
we obtain ’

T
|| otto) = otito) <o
0
This compietes the proof.

Remark. Thanks to Lemmas 2 and 3, the condition (3) in Theorem 1 can be weakened to the

requirement
h

1im,1—1 (u(t) — a(e) dt = 0 in D(RY), 3y

hlO 0

This may be useful in view of the existing literature where the solutions are often defined as func-
tions u satisfying (1) and

T
J J‘ wy, + o(u) Ay + J u(0)y(0) =0
(1] RN RN
for any y € CF([0, T[ x R"). Clearly two solutions u and @ of the above satisfy (2) and (3)'.

SECTION 2
Existence results and dependence on the initial data.
THEOREM 4. Let m > 1 and pe . *(R"). Then there exists a unique nonnegative u e C((0, o0);
L'(RM) n L*((z, ) x R¥)for all T > 0 such that
u, = A" in 2'((0, o) x RV) (31)
u(t) > p in o(#(RY), C,(R")) whent|O. (32)
If & is another such solution with initial data pe .# *(R¥)
vte (0, OO)J |u(t) — ()] < j i (33)
RN RN
Moreover, if u,e.#*(R") converges to u in o(.#(RM), C,(RV)), the associated solutions u(t)
converge to u(t) in I}(R") for all ¢t > 0.

Remark 4. If u is the Dirac mass ¢ at the origin, the solution of (31), (32) has béen explicitly deter-
mined (see Barenblatt [2]). It is given by

. B k(m _ l)xz +7]1/(m—-1)
u(t, X) =1t "I:(a - W) ]

where k™! = m — 1 + (2/N)and a is a constant depending on m and N in such a way that j' ey U
= 1.

Remark 5. The proof of the above result contains several ingredients. First the existence of a
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solution to (31) when the initial data is regular. This was proved in [20]. It can also be obtained
as a consequence of the abstract theory of evolution equations governed by accretive operators
which carries over to the more general equation (2) (see [S]). Then, approximating u by ‘regular’
functions u,, one has to prove that the solution of (31) with initial data u, converges to the solution
of (31)}-(32). This needs some compactness arguments that can be obtained through two different

ways. One can use that )
C
[ wr= ] mi<E] w
RN RN t RN

as proved in [1]. Actually this method would apply to (2) for the general class of functions ¢
described in [8]. Here we will use, in conjunction with some direct estimates in (31), the L*-
regularizing effect which says that the solution of (31) belongs to L*((z, o) x R") for any 7 > 0.
The latter property—which is needed to apply our uniqueness result—is also true for equation
(2) with very weak assumptions on ¢. To illustrate the generality of this method let us establish,
at least for N > 3, a more general existence result.

Let us consider ¢ :[0, o) — [0, o) locally Lipschitz, nondecreasing, ¢(0) = 0. Assume
N > 3 and for instance (see [3]):

dot >

such that (¢(r))*** is convex for r large. (34)
Then we have:
ProposiTION 5. For all pe.# *(RY), there exists a unique nonnegative u e L°((0, o0); L'(R"))
~ L*((z, o0) x RY)for all T > 0, solution of
u = Ap(u) in2((0, ) x RY)
u(t) > u  in o(#(RY), C,(R")) whent]O.
Moreover the estimate (33) holds.

Remark 6. Assumption (34) insures that u € L°((t, c0) x R¥)for r > 0. A slightly different assump-
tion can be found in [21].

Proof of Proposition 5. Let pu, € L'(R") nonnegative and converging to y in o(#(R"), C,(R")).
By the existence results in [5] and the L*-regularizing effects established in [3], there exists
u, € C([0, 00); I!(R™)) n L*((z, o) x RY)for any = > 0 such that

4, = Apu) in (0, w) x RY) (35)
u,(0) = p,,

K b4
e < K+ (52)) KKy >0 36

where K, K,,7 depend only on |u,|,., & ¢ and N. Remark that u, is uniformly bounded in
C([0, 00); L'(R™)) since [y~ u,(t) = [gn p, by (35). Let us make some formal estimates now.
Multiplying (35) by ¢ (u,), yields:
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0
%EJ Vou,)|* = —J U, o(u,), < 0. (37)
RN RN
Multiplying (35) by ¢(u,) and integrating give for0 < 7 <t
f f [Volu,)* = J Ylu, () — Y(u, ), (38)
7 JRN RN

where Y(r) = [; (o) do. Since u,(7) is bounded in L* independently of n (see (36)), this implics
that Ve(u,) is uniformly bounded in I2,_((0, o) x R¥). By (37), Vo(u,) is even uniformly bounded
in L*(z, oo ; I2(RM)) for any 7 > 0. Hence, integrating (37) proves that {® { v u, ¢(u ), is bounded
for any 7 > 0. Since ¢ is locally Lipschitz, we obtain that {® .~ [¢(u,) ] is bounded. Finally we
deduce that

loc

o(u,) is bounded in W!; ((0, ) x R") } (39)

the bound depends only on sup ||u,|l,.

The formal computation (38) can be justified like in [5, Proposition 10]. For the other ones, we
use @(u(t + h)) — @(u(r)) and let h go to 0.

By (39), there exists a subsequence (still denoted ¢(u,)) converging in I, ((0, o) x R") and
a.e. to some w. On the other hand, a subsequence of u, converges weakly in I>(K) for any compact
K <= (0, ) x R" and the limit u satisfies wit, x) = @(u(t, x)) a.e. since ¢ is a maximal monotone
operator in I*(K) (see [7, Proposition 2.5]). Clearly

ue [*(0, T, (R™)) n L*((z, ) x RY)
for all T > 0 and satisfies
u, = Ap(u) in 2'((0, ) x R").
It remains to show that 2 = lim ess u(t) (in o(.#(R"), C,(R"))) which exists by Lemma 1, is equal

=0

to u (note that | da < { dp).

For this, let us assume we have chosen y, = uxp, with p (x) = 4,n" (n|x|), Vx € RN where

p € C*([0, 00)] is supported in [0, 1] and 4, is a constant such that [, p, = 1. With this choice

(see [17]) n = v} = E, * u, is nondecreasing (and v increases pointwise to v° = E, * p). Hence
n — v, (t) = E, *u,t) is nondecreasing.

Indeeq v (t)is a solution of v,, + @(—Av,) = 0,v,(0) = v° and one can use the maximum principle

for this equation (see, e.g., [9]). Since [px — Av (1) = [~ u,(t) is bounded, v (t) increases to a

potential u(z) such that — Au(¢) is the limit (in o(.#(R™), C(R™))) of —Av (¢) (see, e.g., [17]). Neces-
sarily v(t) = E, * u() (at least a.e. t). Now, by Lemma 2, if #° = E, * i, we have

2 2u)=v ), Vn, aet
=92 09, >0
On the other hand
20 =), Vn, ae.t

=1" 2 0(t), ° = 0%
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Hence v, = 6,and u = fi.
To complete the proof, let us prove (33). By accretivity in L'(R") (see [5]), for any n, t:

J 0,0 — 0] < j = | = f 1oy (4 — )] < j - 4. (@)
RN RN RN RN

We apply a Fatou-type lemma to finish.

Proof of Theorem 4. For N > 3, the existence of u is a consequence of the Proposition 3.5.
Using the particular structure of @(u) = u™, we add an argument to the previous proof in order
to absorb the cases N = 1,2 and to prove the continuity results for all N.

Let p, and u, defined as in this proof. The estimates we established are valid for any N. Hence
(39) holds and a subsequence of u, converges ae. to ueL((z, ) x R¥)n L°(0, T, L(R"))
solution of (31). Moreover, in this particular case, we have

T
lsif{} L LN uy(g)do = 0 uniformly in n.

Indeed, by the L*-estimate (see [3, 21])

C 1 2k
<= S wi = § =
”un(t)”L"rJ I ”p’n“L with o m-—1 + (Z/N) 6 N
Hence
f J (o) do < C|lp, L%~ 1>J (mdtl,, where (m — 1)o < 1. @1)

In particular, for all ¢, |, u™(¢) do € L'(R") and is the limit in I,_(R") of {* u™(¢) do. By Lemmas 2
and 3, u(t) converges in o(.#(R"), C,(R")) to some 2 when ¢ | 0 Now, we can pass to the limit in
T
u(t) —p, = Af u™o)ds in 2'(RY)
0
and obtain that ¢ = f.

Remark that {pn u,(t) = [pw i, = Jaw #t = [gv u(t). Hence u (t) converges to u(t) in L(R")
for a.e. £ and even V¢ > 0 by the contraction property. The uniqueness proves the convergence
of the whole sequence.

By (39) for any open subset Q relatively compact in (0, c0) x R"

[ 20 < c< J y). 42)
RN
r 1+5(m~1) 43
f J u™(o)do < C-T""‘"””-[J‘ u] “3)
0 JRYN RN

For the uniqueness when N = 1,2, given u, & solutions of (31) and (32) we apply Theorem 1
tou(. + 7)(as well as 4(. + 7)) for any 7 > O to prove that they coincide with the solutions in the
sense of semigroups. Hence (43) holds for u, &z and we can apply Theorem 1 to u and 4.

And (41) gives
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Now, let u, converge to y in 6(.#(R"), C,(R")) and u_, u the corresponding solutions. The same

arguments as above using the estimates (42) and (43) plus the uniqueness result prove that u (t)
converges to u(t) in L'(R").
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